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Abstract We introduce a model of granular matter and use a volume/strain ensemble to
analyze infinitesimal shearing. Monte Carlo simulation suggests the model exhibits a second
order phase transition associated with the onset of dilatancy.

Keywords Granular matter · Dilatancy · Phase transition

1 Introduction

Static granular matter, such as a sand pile, can exist in a range of densities. In its densely
packed state it expands under shear, while when loosely packed it contracts under shear [1];
the boundary between these regimes, ‘dilatancy onset’, was first popularized by Reynolds
in 1885 [2]. We introduce a model in which the transition between these different volume
responses to shear appears to be singular, in the precise traditional sense of a second order
phase transition, as discussed below. (For two dimensional treatments of the transition see
[3–5], and for an interpretation as a glass transition see [6].)

Such modeling can only apply to granular materials in states which are sufficiently re-
producible to qualify for the term ‘phase’; see [7, 8] for experimental efforts. To determine
experimentally whether the response to shear corresponds to a change of phase, the states
before and after shear should represent true phases. This necessitates that the shear be in-
finitesimal, so that it does not drive the material into a more complicated (‘nonequilibrium’)
state. We are mainly concerned, therefore, with modeling the volume reaction to the in-
finitesimal shear of granular matter. Although, as noted above, the phenomenon of dilatancy
onset has been known for over a hundred years, we know of no volume response measure-
ments from which one may directly determine whether or not dilatancy onset is a phase
transition. In large part this is due to the difficulty of working with granular samples, in the
appropriate range of volume fractions, in states which are sufficiently reproducible [7, 8].
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Fig. 1 Layers of parallel cubes

Our modeling follows in a long line of research, championed by Edwards [9], de Gennes
[10] and others, in which certain nonequilibrium materials, in particular granular matter,
have been modeled probabilistically, using a simple variant of equilibrium statistical me-
chanics. For reviews on such modeling see for instance [11–14]. Markov chain Monte Carlo
simulation of our model suggests that dilatancy onset can be understood as a second order
phase transition, a discontinuity in a second derivative of the appropriate free energy.

2 The Model

Our “granular hard cubes” model is a granular variant of the classical hard cubes model [15]
of equilibrium statistical mechanics, the latter being a simplification of the classical hard
sphere model in which the spheres are replaced by nonoverlapping, parallel cubes. So our
model uses layered configurations of hard, parallel, unit cubic grains; see Fig. 1. To model
the reaction to a change of strain we mimic the spherical caps that grains in one layer present
to grains in neighboring layers by adding cubic “bumps” of width w to the top and bottom of
our cubes; see Fig. 2. We use w = 0.3, a choice discussed below; see Fig. 3. As we will see
below when we discuss dilatancy, these bumps use the third dimension to add a significant
resistance to shear. In our model each grain must sit on exactly four other grains (except
grains on the boundary of the configuration), and grains cannot overlap. We do not allow
any grain to sit on the bump of another grain; thus, the grains appear on discrete vertical
layers, so the distance in the direction of gravity (or z-direction) between the centers of
grains on adjacent layers is equal to 1; see Fig. 4. There are n2 grains in each layer, and n

total layers, so there are N = n3 total grains.
For boundary conditions we require that in a given configuration the centers of the grains

on the boundary in a single layer all lie on the edges of a rhombus with angle of strain α

and area L2, where α = 0 represents a square (see Fig. 2a). Thus, our configurations have
boundaries which are essentially cylinders on rhombic bases. The volume of a configuration
is then defined as V = nL2. To prevent grains from getting stuck between the boundary
grains, we impose top-bottom periodic boundary conditions, and we remove the bumps from
the grains nearest to the boundary and on the boundary. We restrict α to α ≥ 0 since the
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Fig. 2 (a) A view from above of
a layer in a configuration (only
boundary grains, and without
their bumps), with a definition of
the strain angle α; (b) A cubic
grain, with bumps on top and
bottom faces

Fig. 3 A horizontal
cross-section of the closest
packing possible of maximally
regular grains, with the small
black square representing a
bump. By partitioning along the
dotted lines, one can calculate the
particle density of the
configuration, φ = (1 + w)−2

shapes of configurations corresponding to angles α of opposite sign are merely rotations of
one another. (It is more complicated, and unnecessary, to model the effect of shear stress on
the two representations of the same shape.) A configuration C is represented by the centers
of all the grains in C, i.e. C ∈ (R2 × Z)N (the grains are given an arbitrary fixed labeling,
and the center of a grain is the center of the unit cube comprising the grain). A single grain
g in C is represented by its center, (xg, yg, zg) ∈ R

2 × Z. For simplicity we require one of
the grain centers to be at the origin, and all of the grain centers to be in the octant x ≥ 0,
y ≥ 0, z ≥ 0.

We use the following “volume/strain” ensemble. (Related ensembles have been used
previously in granular modeling—see for instance [16, 17]—as well as modeling thermal
systems—see for instance [18, 19].) Our ensemble, instead of fixing volume and strain, uses
Lagrange multipliers p and f to control average volume and strain. The Lagrange multipli-
ers enter into the maximization of entropy in the usual way. (In the literature 1/p and 1/f

are sometimes called compactivity and angoricity.) In other words the states of the model,
which, in the general approach of Edwards [9] are probability densities of configurations of
grains, optimize the free energy

F(p,f ) := S − pV + f αV, (1)
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Fig. 4 An arrangement of
grains, viewed from above

where S is the entropy, V is the volume in physical space, and α ≥ 0 represents the angle of
strain (see Fig. 2a). The ensemble partition function is

Zp,f =
∫ ∞

0

∫ ∞

0

(∫
V,α

dC

)
exp(−pV + f αV )dV dα, (2)

where
∫

V,α
dC represents integration over the space of allowed configurations at fixed α and

V , and ln(
∫

V,α
dC) is the entropy S = S(V,α). Consider the change of coordinates ψV,α

which maps configurations C at fixed V and α into � = ([0,1]2 × {0,1/n,2/n, . . . ,1})N

such that ψV,α maps each grain center (x, y, z) to (L−1(x − tan(α)y),L−1y,n−1z). It is easy
to see that this map has Jacobian equal to V −N . Thus, using the new coordinates one can
rewrite the partition function as

Zp,f =
∫ ∞

0

∫ ∞

0

∫
�

�(ψ−1
V,α(Q))V N exp(−pV + f αV )dQdV dα, (3)

where �(C) = 1 if C corresponds to a configuration which satisfies the conditions of the
model, and �(C) = 0 otherwise. The probability density of a configuration with volume V

and strain angle α is therefore

mp,f (C) = V N exp(−pV + f αV )/Zp,f . (4)

Our model uses cubes instead of the more traditional spheres. Cubes are preferable here
as they allow one to automatically maintain the contacts necessary to support grains ‘under
gravity’ even while straining the system, a big advantage in the simulation. Another natural
question is whether we can correctly model the response in density to shear stress when
we only consider (configurational) states which are regular in the sense that the network
of contacts in the system forms the same graph structure as a face centered cubic crystal.
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It would be preferable to allow more general states, but this is very difficult in practice.
And although such regular states may give misleading quantitative results for the response
to shear, we expect to obtain the correct qualitative results, which is our only goal. In par-
ticular, the quantitative results we obtain are not meant to accurately represent real materi-
als.

We show next why our model exhibits dilatancy onset: the separation of a high density
regime of states, in which the material expands under infinitesimal shear, from a low density
regime, in which it contracts under infinitesimal shear [1]. (The more interesting question,
however, and the main focus of this paper, is whether the model predicts that the transition
through dilatancy onset is singular in the parameter p.)

From the probability density of (4) it follows that if f = 0 then the state of lowest possible
particle density, called random loose packing, occurs at p = 0 [20] and some strain α = α0.
(For this argument the value of α0 is irrelevant.) At sufficiently low p and infinitesimal
increase of f from 0, which should correspond to an infinitesimal shear stress, the density
has no way to change except to increase. So at sufficiently low density there is a regime in
which the system contracts under infinitesimal shear stress.

On the other hand, at least since Reynolds [2] one understands the expansion of (dense)
granular matter under shear, which he termed dilatancy, in geometric terms, as the need for
parallel layers of spheres to get out of each others’ way under a strain deforming the layers,
by separating and/or by thinning within the layers. For our grains, with bumps mimicking
spherical caps, this thinning phenomenon should still be present. That is, for a sufficiently
dense configuration, neighboring layers should “feel” each others’ bumps, so that under an
infinitesimal shear stress the layers should then spread out, producing a dilatancy effect.
Note that, among optimally symmetric configurations (where the particle centers on each
layer form a square lattice), at particle density φd := (1 + w)−2 the bumps on a given layer
will touch the grains on the layer above. We interpret φd as a (rough) estimate of the minimal
particle density required for dilatancy; see Fig. 3. In our simulations we use w = 0.3, and so
φd ≈ 0.59. The qualitative dilatancy effect is not sensitive to the precise value of w, though
the value φd is. To understand the choice of w consider the following. For cubes without
bumps at zero pressure, a free volume estimate shows that the average particle density should
be 9/16. At this density, neighboring cubes in perfectly regular configurations of cubes will
be separated by a distance of 1/3, and so for such configurations adding a bump of width
w ≤ 1/3 will not create any overlap. We chose w slightly less than 1/3, so that the cubes
would not feel the bumps at low pressure, and also so that very high pressures weren’t
necessary to see the dilatancy effect.

So the bumps, together with the universal behavior at low p or density, explain the exis-
tence of dilatancy onset. The main question then is: as density is varied, does the transition
through the dilatancy onset proceed in a smooth or in a singular manner? We will show
there is an unambiguous second order phase transition at dilatancy onset, at density near
φd = 0.59. This suggests, by analogy with matter in thermal equilibrium, that the material
in the two regimes differs in other characteristics as well, for instance it would be expected
that the yield force would behave differently in the two regimes. In [8] the yield force is
measured as a function of density, and a second order phase transition is found at a den-
sity roughly 0.598. Dilatancy onset was not carefully measured because of the experimental
setup, but in other experiments has approximately coincided with the yield transition. Our
result suggests the yield transition and dilatancy onset are simply different manifestations of
the same phenomenon.
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3 The Simulation, and Results

Each simulation of N particles begins with α = 0 and V > N/φd . The basic Monte Carlo
step is as follows. Let C(k) be the configuration at the kth step of the Monte Carlo chain,
where C(k) has volume V and strain α. For each grain g in C(k) let (xg, yg, zg) be the
coordinates of the center of g. We allow three types of move, each of which produces
a trial configuration C ′. In the first type a single particle moves locally, in the second
type the configuration changes volume, and in the third type the configuration changes
shape.

The first type of move is attempted with probability 1 − 1/N . For this type of move we
choose a random non-boundary grain g in C(k), and obtain C ′ by replacing g with a grain
centered at (xg + βγ,yg + (1 − β)ψ, zg). Here β is a Bernoulli random variable, i.e. β = 0
or 1 each with probability 1/2, and γ and ψ are random variables uniformly distributed in
the largest intervals (a1, a2) and (b1, b2) containing zero such that, for all a ∈ (a1, a2) and
b ∈ (b1, b2), replacing g with a grain centered at (xg + a, yg, zg) or (xg, yg + b, zg) does not
create overlap of grains. Such moves will produce configurations satisfying the conditions
of the model, and are accepted with probability 1.

The second and third types of move are each attempted with probability 1/(2N). Let
η, ν be random variables distributed uniformly in (−1,1), and fix (small) positive real pa-
rameters ε and δ. For the second type of move, we obtain C ′ by replacing (xg, yg, zg) by
(λxg, λyg, zg) for each grain g in C(k), where λ = (V + ηε)1/2/V 1/2. For the third type
of move, we obtain C ′ by replacing (xg, yg, zg) by (xg + νδyg, yg, zg) for each grain g

in C(k).
By construction the probability density of proposing a move C → C ′ is the same as

the probability density of proposing a move C ′ → C. To preserve detailed balance, the
acceptance probability for the latter two types of moves is therefore

p = min(1, �(C ′)(V ′/V )Ne−p(V ′−V )+f (α′V ′−αV )), (5)

with V ′ the volume of C ′ and α′ the strain angle of C ′, and where, as above, �(C ′) = 1
if C satisfies the conditions of the model and �(C ′) = 0 otherwise. So for moves of the
second and third type, we set C(k + 1) = C ′ with probability p, and C(k + 1) = C(k) with
probability 1 − p. Thus, the Monte Carlo steps are chosen so that the stationary distribution
of the Markov chain has the desired limiting probability distribution (4).

In our simulations, we want to measure how the average of the density φ = N/V changes
as f varies near f = 0. (For convenience we do not include the bumps in the calculation
of φ, but since particle number N is fixed in our simulation, the “true” volume fraction is
just a constant multiple of φ.) That is, we want to estimate the derivative

D(p) := ∂〈φ〉p,f

∂f

∣∣∣∣
f =0

(6)

of the average 〈φ〉p,f of φ as a function of p. So D(p) < 0 (resp. D(p) > 0) represents
volume expansion (resp. contraction) under infinitesimal strain, which is directly relevant to
our study of dilatancy onset.
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From the definition of mp,f in (4) we have

〈φ〉p,f = 1

Zp,f

∫ ∞

0

∫ ∞

0

∫
�

N

V
�(ψ−1

V,α(Q))V N exp(−pV + f αV ) dQdV dα, (7)

from which it follows by differentiation that

D(p) = ∂〈φ〉p,f

∂f

∣∣∣∣
f =0

= N〈α〉p,0 − [〈φ〉p,0][〈V α〉p,0]. (8)

Thus, to estimate D(p) from our simulations we set f = 0 and calculate the sample averages
of Nα, φ, and V α. With the free energy F(p,f ) = S − pV + f αV = ln(Zp,f ), which is
the quantity minimized by the state mp,f , one can see from (1), (3) and (7) that

〈φ〉2
p,0

N

∂

∂f

(
∂F (p,f )

∂p

)∣∣∣∣
f =0

= 〈φ〉2
p,0

N

∂

∂f

(
∂ ln(Zp,f )

∂p

)∣∣∣∣
f =0

= D(p), (9)

and so the function D(p), as a second derivative of the free energy, is a quantity for which
a discontinuity might reasonably be described as a second order phase transition.

We investigate systems of N = 83 = 512, 103 = 1000, 123 = 1728, 143 = 2744 and
163 = 4096 grains at p1 < · · · < pk , where the p values chosen are different for each size
system. In the simulations we begin at low p1, and then slowly increase p until just af-
ter the derivative D(p) falls sharply below zero, roughly corresponding to pk . (For pres-
sures significantly greater than pk , the simulations become prohibitively slow.) The last
configuration in the simulation of pi is used as the starting configuration of the simula-
tion of pi+1. We use the standard biased autocorrelation function to determine a “mixing
time”, measured as the number of Monte Carlo steps required before the autocorrelation
first crosses zero, and we run our simulations long enough so that the simulation of each
pi contains on average at least 20 mixing times. Then we run 200 independent copies of
each simulation to obtain the averages 〈α〉p,0, 〈φ〉p,0, and 〈V α〉p,0. With these averages we
compute D(p) from (8). (We also ran some of our simulations much longer, with fewer
copies and p values, and noted agreement with the already-obtained data on D(p).) Then,
for error bars on D(p), we repeat the entire experiment 8 times and use the Student’s t -
distribution.

Our simulations suggest that D(p) develops a discontinuity as the system size increases
(see Fig. 5). Changing variables we find that D, as a function of 〈φ〉p,0, develops a discon-
tinuity. We note that the φ-values where D(p) drops sharply below zero are relatively close
to the volume fraction φd ≈ 0.59 noted in the introduction. However because the sharp drop
in D(p) moves significantly with system size it is hard to pinpoint a precise transition point.
We plot 〈φ〉p,0 against p in Fig. 6b and D against 〈φ〉p,0 in Fig. 6a.

Note that for p ≤ 1, D(p) exhibits regular behavior in which D(p) is roughly constant,
D(p) = η ≈ 0.001. Then for 1 < p < 2, D(p) has some oscillation which is characteristic
to the system size. Then for p ≥ 2, D(p) steadily increases to a peak, then sharply decreases
through zero. We believe that D(p) is discontinuous in the limit of infinite system size, but
the rate of change of D(p) is so large it is difficult to measure its variation with system size.
Instead we consider two measures of the interval R in which the discontinuity is developing,
and then note that R gets smaller and smaller as system size increases.

We expect that the oscillation observed in D(p) in the interval 1 < p < 2 is caused
by finite-size effects, so that it disappears in the limit N → ∞. Furthermore we expect
the critical pc to fall at either the end or the beginning of the oscillation region. These
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Fig. 5 The graph of D(p) = ∂〈φ〉p,f

∂f
|f =0, which measures the response in average density, 〈φ〉p,f , to

change of strain. The insert gives error bars on the system with 4096 grains

two possibilities underlie, respectively, our measurements R1 and R2, defined below. Let
η be the average value of D(p) over p ≤ 1. The left endpoint of R1 is the smallest value
of p where p > 2 and D(p) ≈ η, and the right endpoint of R1 is the value of p where
p > 2 and D(p) ≈ 0. The widths of R1 are approximately 1.75 ± 0.05, 1.15 ± 0.05, 0.75 ±
0.05, 0.50 ± 0.05, and 0.30 ± 0.05 for systems of N = 83, 103, 123, 143 and 163 grains,
respectively. On the other hand, the left endpoint of R2 is defined as the smallest value of
p such that D(p) differs significantly from η, while the right endpoint of R2 is the same as
the right endpoint of R1. We estimate that the widths of R2 are approximately 3.55 ± 0.05,
1.55 ± 0.05, 1.25 ± 0.15, 1.15 ± 0.05, and 1.00 ± 0.05 for systems of N = 83, 103, 123, 143

and 163 grains, respectively.
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Fig. 6 (a) D(p), our measure of the response of density to change of strain, as a function of the average
density, φ; (b) The average density, φ, as a function of p

In either case, based on the decreasing sizes of the intervals R1 and R2, we believe that
the jump from D(p) ≈ η to D(p) � 0 occurs over an interval which is vanishing in the
infinite volume limit, which, given the relation between D(p) and the free energy F(p,f )

in (9), is reasonably termed a second order phase transition. And as noted in the introduction,
there is experimental evidence for this interpretation in [8].

4 Conclusion

We have analyzed a model of granular matter using an Edwards ensemble [11–14], the
purpose being to understand the yield phase transition found in [8]. The transition in [8]
occurs at approximately the same volume fraction, about 0.6, as dilatancy onset [1], but



224 D. Aristoff, C. Radin

corresponds to a different response of the material, a penetration force instead of a shear.
Our granular model shows that shearing could produce a sharp phase transition at dilatancy
onset, defined as the boundary between the volume fractions which expand under shear and
those which contract under shear. As the two physical phenomena, the yield transition and
dilatancy onset, both occur at volume fractions near 0.6, we argue that they coincide, in
the sense that they simply represent responses of two phases of granular matter to different
stimuli.

We also note that the behavior of granular matter at the random close packing density,
about 0.64, has been interpreted in [21, 22] as the freezing point of a first order phase
transition in which the high density regime is an ordered phase. Together with our results
here, this means that the usual freezing transition of equilibrium fluids, at which the material
acquires the solid features of an ordered (typically crystalline) internal structure as well as
a strong resistance to shear, seems to be split into two stages in granular materials, with
significant resistance to shear occurring at dilatancy onset at density about 0.6 [1] and the
ordered internal structure occurring at the random close packing density of about 0.64 [23].

A direct test of whether dilatancy onset defines a sharp phase transition poses some ex-
perimental difficulty. The statistical approach seems to require that repeated preparations of
granular samples be able to sample the full granular phase space. This seems to be justi-
fied for the fluidization/sedimentation method of [8], and the tapping method of [7]. A test
would therefore require a way to combine shearing with one of these preparation protocols.
It should be possible to perform a tapping protocol in a shear cell, but tapping does not ordi-
narily produce samples at volume fractions below 0.6, making it hard to see dilatancy onset.
And while fluidization/sedimentation can prepare samples in the desired range of volume
fractions, this protocol is hard to perform in a shear cell.

On the theoretical side, our result helps to firm up the phase diagram of granular matter.
There was already experimental [24] and theoretical [21, 22] support for a phase transition at
random close packing, which is at volume fraction 0.64. Our result adds theoretical support
to the experimental evidence of [8] for a phase transition at volume fraction 0.6.

The statistical modeling of granular matter using ensembles of Edwards’ type is, presum-
ably, justifiable only for certain preparation protocols, such as the fluidization/sedimentation
and tapping noted above. We hope that the growing evidence of interesting structure in the
state space of granular matter will help motivate further experimental development to inves-
tigate these states, the analogue of the states of matter in thermal equilibrium.
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